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Abstract : A planar boundary introduced a la Symanzik in the 5D topo- 
logical BF theory, with the only requirement of locality and power count- 
ing, allows to uniquely determine a gauge invariant, non topological 4D La- 
grangian. The boundary condition on the bulk fields is interpreted as a 
duality relation for the boundary fields, in analogy with the fermionization 
duality which holds in the 3D case. This suggests that the 4D degrees of 
freedom might be fermionic, although starting from a bosonic bulk theory. 
The method we propose to dimensionally reduce a Quantum Field Theory 
and to identify the resulting degrees of freedom can be applied to a generic 
spacetime dimension. 
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1 Introduction 



This paper has a twofold purpose: the first one is to describe how the 5D 
abclian BF model defined on a manifold with a planar boundary uniquely 
determines a 4D (non-topological) theory. The second is to propose the BF 
model as the generator of a duality relation which leads to the "fermioniza- 
tion" of the boundary degrees of freedom, as discussed in [I]. 
This kind of duality is extremely useful in condensed matter physics since 
it provides a tool of systematically deriving effective hydrodynamical field 
theories for generic topological phases [2\. 

In recent years the study of TQFT on a manifold with a boundary acquired 
a remarkable physical relevance, since these models constitute effective field 
theories which describe some aspects of new materials, the so called Topo- 
logical Insulators [3]. In fact, in [JJ |5] it was shown that the 3D BF model 
represents an effective field theory for Quantum Spin Hall Systems, while, 
in [5] the 4D BF model with boundary was suggested as an effective field 
theory for 3D Topological Insulators. 

From the theoretical point of view the study of TQFT with a boundary is 
interesting for on the edge they acquire local observables. Among the TQFT, 
the BF models have the peculiarity of being defined for any spacetime di- 
mension D, and hence they allow to investigate what happens on a boundary 
of any (D-l) dimension. 

Now two questions naturally arise: does the BF model uniquely determine 
the dynamics on its boundary and do we always find a duality relation which 
yields the "fermionization" of the residual bosonic degrees of freedom ? 
The aim of this paper is to contribute to answer these two questions by 
analyzing the abelian 5D BF model with a planar boundary. 
Our approach to the introduction of a boundary term in a QFT follows the 
lines proposed by Symanzik in [6J, and in particular the idea of "separability" 
i.e. the request that there is no propagation across the boundary plane. 
As a result we find that the Symanzik method applied to 5D BF theory 
leads to a 4D model whose Lagrangian is uniquely identified. One of the key 
ingredients needed for this identification is the 4D duality relation which is 
also responsible of the "fermionization" procedure. 

This result, and the analogous ones already obtained for the 3D and 4D BF 
models [8] , strongly suggests that the fermionization on the boundary of 
the purely bosonic degrees of freedom, is a common feature of all BF models. 

The paper is organized as follows. In section 2 the classical 5D BF model is 
described, while the boundary is introduced in section 3 and the boundary 
conditions for the fields of the bulk theory are discussed in section 4. Section 
5 and section 6 are the heart of the paper. Here we derive the scalar-vector 
duality previously discussed and we deduce the unique 4D theory living on 
the boundary of the 5D model. 
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2 The classical theory 



We consider the 5D abelian BF model, which describes the interaction be- 
tween the antisymmetric rank 3 tensor B fJjUp (x) and the gauge field A p (x), de- 
fined on the flat 5D Minkowski spacetime with metric = diag(—l, 1, 1, 1, 1) 
The action of the model is: 



Sbf = ^ I d 5 xe^ T F pu B p(TT , (2.1) 



M 



where F pu (x) = d p A u (x) — d v A p (x) is the field strength for the gauge field 
A„(x). The action (|2.1I) is invariant under the symmetry 

SP>A» = d p 9 (2.2) 
5 {1} B^ p = 0, (2.3) 

which is the usual gauge transformation, and under 

6 {2) A p = (2.4) 
5^B pvp = d p 4> up + cyclic permutations, (2-5) 

where 6{x) and (f> pv {x) are local gauge parameters. 

It is convenient to adopt axial gauge choices for the fields A p (x) and B pvp (x): 

At = (2.6) 
B ij4 = 0, (2.7) 

where i = {0,1,2,3} from now on. In order to implement this choice, we 
add to the action (|2,ip the gauge-fixing term: 



><?/ 



f d 5 x(bA A + d^B tjA ), (2. 
Jm 



where b(x) and d lJ (x) are Lagrange multipliers. 

We did not introduce the Faddeev-Popov ghost fields since, as usual, in the 
abelian case they are decoupled. 

The axial gauge is particularly convenient to study Quantum Field Theories 
(QFTs) with boundary, and the fact that the gauge conditions (|2.6p and 
(|2.7p are not covariant is not a problem, since we are about to introduce the 
planar boundary x A = 0, which per se breaks the covariance of the theory. 
Summarizing, the classical action is given by: 

r c [J$] = ( d 5 x {e ijkl [WiAjB m + (d A Ai - diA A )B jkl ) + A 4 b + d ij B ijA + 
+ JiA* + J A A^ + J ljk B^ k + J ij4 B^ 4 + J b b + Jdijtfi}, (2.9) 
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where J$(x) are the external sources coupled to the fields <J>(x). 
Consequently, the bulk EOM derived from the classical action (|2.9p are: 



e ijkl (3d j B m -d4B jkl ) + J i = (2.10) 

e ijkl (d 4 Ai - diAi) + J^ k = (2.11) 

e ijkl diB jH + J 4 + b = (2.12) 

3e ijkl Ai + J ij4 + d ij = (2.13) 

A 4 + J b = (2.14) 

B iji + fJ = 0. (2.15) 



It is well known that the gauge-fixing term (|2.8p does not completely fix 
the gauge [9]. The gauge-fixed action (|2.9p is still invariant under gauge 
transformations in the directions orthogonal to X4, and the residual gauge 
invariance is functionally expressed by two local Ward Identities (WI), (one 
for each symmetry and 5^): 

W(x)T e [J 9 ] = di J* + 84 J 4 + d 4 b = (2.16) 
W ij (x)r c [J ] = -3d k J ljk + diJ ij4 + did ij = 0, (2.17) 

as it can be checked directly from the EOM (f27T0]) - (f27T5|) . 

3 The boundary 

To introduce a boundary in the theory, we adopt the method described by 
Symanzik in [6j, which allows to describe a boundary in a QFT in a very 
general and smooth way It basically consists in adding to the bulk ac- 
tion ([2.9p the most general boundary term compatible with the fundamental 
QFT principles of locality and power-counting, and then computing, for the 
modified theory, the propagators, with the constraint that the propagators 
between points lying on opposite side of the boundary X4 = 0, vanish. This 
condition is known as "separability", and. although its formulation is quite 
simple, it might render the explicit calculation of the propagators very diffi- 
cult. However, this task can be avoided if, as in our case, one is interested 
only in the physics on the boundary. In fact, an improved version of the 
Symanzik's method has been introduced in j8[ [10], which leads directly to a 
"separated" theory with boundary, without the need of calculating explicitly 
the propagators. It will turn out that the boundary dynamics is completely 
determined by the WI (|2.16p and (|2.17p . broken by the most general (linear) 
separating boundary term. 

Following the steps described in 0110], we introduce in the theory the planar 
boundary X4 = by adding to fj2.9j) the most general boundary Lagrangian, 
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compatible with locality and power counting: 



£-BD = 5{x±) 



04 



rr?A i A i + a 5 6 + ^-d i jA i A j 



(3.1) 



where Gij(x) = diAj(x) + djAi(x) and di,...^ are constant parameters which 
we shall determine later. The massive parameter m has been introduced to 
render 0,4 dimensionless. 

Writing Cbd, we limited ourselves to quadratic terms only. The reason for 
this strong constraint resides in a non-renormalization theorem which 
guarantees that symmetry breaking terms which are only linear in the quan- 
tum fields, do not acquire quantum corrections, and hence are acceptable. 
It is clear that Cbd (|3.ip induces harmless linear terms in the r.h.s. of the 
WI (I2T6D and (f27T7|) . 

Since the separability condition completely decouples the right and the left 
side of the boundary, we can focus our attention only to the half space X4 > 0, 
the other side being obtained by a parity transformation. 
The boundary Lagrangian (I3.ip modifies the EOM (|2.10p - (j2.15j) as follows: 



e^ kl [38,-BfcM - d 4 B jkl ] + f 



e ijkl [d 4 A t - 8iA 4 ] + J^ k 
e^ kl diB jkl + J 4 + b 
3e ij ' fe % + J ijA + d ij 
A 4 + J b 

B^ 4 + fi 



5(x A ) a 4 B l+ + a 2 d j F v+ - a 3 djG lJ ' 



-a 4 m 2 A t+ + a 6 d±Ai- 



-5(x A ) ai e ijkl A] 








-5(x 4 )a 5 



(3.2) 

(3.3) 
(3.4) 
(3.5) 
(3.6) 

(3.7) 



where the superscript "+" indicates the field on the r.h.s. of the plane X4 = 0. 
The boundary term Cbd modifies the Ward identities (|2.16p and (|2,17p as 
well, by means of linear breakings: 



W{x)T c [J*\ 



-5(xi)[ ai diB i+ - a 3 didjG ijA 
-a 4 m 2 diA i+ + a 6 di(d±Ai+)] 
5(x 4 )3 ai e ijkl d k Al, 



W l \x)T c [J„] 

where we introduced the 4D vector B l (x), dual of Bij k (x 

r>i — ,ijkl d 

ti = e Bjki, 



(3.8) 
(3.9) 



(3.10) 



and, consequently, J l i k {x) = e ijfc/ J/( 



5 



Once integrated, the previous WI read: 



dxidif = - ai diB i+ + azd i d j G ij+ + a i m 2 d i A i + 

+a e di(d±Ai+) (3.11) 
J dx A e ljkl d k J L = - ai e ijkl d k A+. (3.12) 



4 The boundary conditions 

In the original formulation of the Symanzik's method |6j, the boundary condi- 
tions are obtained by computing the propagators for the theory with bound- 
ary and by imposing on them the separability condition. As anticipated, in 
this paper we are interested in the dynamics on the boundary of the theory 
and, as discussed in [8|[10], it is possible to get a "good", separating boundary 
term without computing explicitly the propagators. 

The first step is to obtain the boundary conditions for the bulk fields. To 
get them, we integrate the broken EOM (|3.2p - (|3.7p with respect to X4 in the 
infinitesimal interval [— e, e], and we evaluate the expression obtained in the 
weak limit e — > 0. This yields: 

(01 - l)B l+ = -a 2 djF^ + + a 3 djG ij+ + ai m 2 A i+ + a^A^ (4.1) 

(l + oi)A+ = (4.2) 

a 5 = (4.3) 

a 6 A i+ A j+ = 0. (4.4) 

We have to find out the set of parameters Oj and the boundary conditions 
for the fields at the boundary Af(x)\ x _ 0+ = A^(X) and B 



[x, 



z 4 =CH 



B t+ (X) (where X = (xq, xi, X2, £3)), which satisfy the equations (|4.ip - (l4.4p . 
with the constraint that the r.h.s. of the broken WI (|3,lip and f|3. 12j) are 
different from zero. Otherwise, an inconsistency would appear when deriv- 
ing with respect to the external sources J. Under this respect, as already 
remarked in [S], the boundary term plays the role of gauge fixing for the 
residual gauge invariance of the theory with boundary, since its presence is 
necessary to compute the propagators. 

With the above prescriptions, there is only one solution of the system (|4.ip ~ 

(B3D: 

oi = -1 (4.5) 

a 5 = a 6 = (4.6) 

2B i+ = a 2 d j F l i + -a 3 djG ij+ -a 4 m 2 A l+ . (4.7) 



6 



This solution corresponds to the unique couple of broken WI: 

J dx^dif = -diB i+ (4.8) 
J dx 4 e ijkl d k Ji = e ijkl 3 k A+. (4.9) 

We shall see in the next section that the broken WI (I4.8P and (|4.9p lead to 
a kind of electromagnetic structure on the boundary. It will turn out that 
the physics on the boundary is insensitive to the parameter a% (and to the 
relative boundary term), and a nonvanishing a% would lead to unphysical 
solutions on the boundary, and hence it will be necessarily put equal to zero, 
leaving a\ as the only parameter on which the solution depends. 



5 4D scalar — vector duality 

Following our modified Symanzik's method, we have been able to construct 
the most general separating boundary term, and we found the broken WI 
(|4.8p and (|4.9p . which describe the residual broken gauge invariance on the 
4D boundary, whose spacetime coordinates are collectively denoted by X = 
(xo,x a ), a = 1,2,3. Let us consider the WI f|4.8l) and (I4.9P at vanishing 
external sources. We get 

diB i+ = (5.1) 
e ijkl d k Al = 0. (5.2) 

The above equations can be solved in terms of two 4D, X-depending poten- 
tials A(X) and Qj(X), with canonical dimensions zero and two, respectively: 

B i+ = (5.3) 
A+ = d,A. (5.4) 

The definitions (|5.3[) and (|5,4p are invariant under the following gauge sym- 
metry: 

5A = const (5.5) 
SCij = diOj-djOi, (5.6) 

where 6i{X) is a local gauge parameter, signal of an electromagnetic-like 
structure on the boundary. 

The boundary condition f|4. T[> . written in terms of the potentials A(X) and 
Qj(X), reads: 

e m dj(kl = (-ym 2 - a 3 d) d i A. (5.7) 



7 



Notice that the coefficient 02 is ruled out. Let us consider, in (|5.7|) . the term 
g^Oc^A, which refers to the term ^-Gr y in the boundary Lagrangian (|3.ip . 
If we apply the operator <9j to (|5.7|l . we obtain: 

0=(\ 2 + a 3 D)DA, (5.8) 

which can be interpreted as a kind of generalized Klein-Gordon equation 
for the field A(X) on the boundary, which leads to the momentum space 
propagator: 

A = 2 —\\ a)" ( 5 - 9 ) 

Let us analyze in detail the form of this propagator which, as it stands, 
depends on two arbitrary parameters 03 and 04 (a third parameter <Z2, as we 
have seen, although appearing in the boundary Lagrangian Cbd (|3.ip . does 
not affect the physics on the boundary). We first remark that 04 should be 
different from zero: 

a 4 + 0. (5.10) 

Otherwise, the field equation (I5.8p . depending only on the a3-term, would 
imply a badly IR divergent ~ ^ propagator for the field A(X). 
Stated that 04 7^ 0, and recalling that our boundary is the flat Minkowski 
4D spacetime with signature ( — 1,1, 1,1), we observe that it must be 

fl3 a 4 > 0, (5-11) 

i.e., 03 and 04 must be concordant. This is to avoid a negative pole in the 
propagator (|5.9p . which would correspond to a negative, unphysical, mass 
The next step is to notice that 

a 4 > (=> a 3 > 0). (5.12) 

This is due to the fact that the leading term of the energy density is 

T 00 = a 4 A i A i + 0(d), (5.13) 

where T 00 is the time-time component of the stress-energy tensor of the 
theory described by the boundary Lagrangian Cbd (|3.ip . 
Now we observe that the second of the two terms forming the propagator 
(|5.8p has the wrong sign. It would correspond to a massive scalar particle 
with the wrong sign in the kinetic term, and therefore it would be something 
unphysical, like a kind of scalar ghost0. The only way out is to set 03 equal 
to zero: 

a 3 = 0. (5.14) 



1 In a different context, this is the method proposed by Pauli and Villars in [12) to cure 
the U.V. divergencies in QFT. 
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Once established that must be strictly positive, we can rescale the fields 
as follows 

A -» = ; C-^Va^C, (5-15) 

with the outcome that the boundary condition (|5.7p becomes 

e i i kl d j C kl = ~d i k. (5.16) 

We remark that the 4D equation (|5.16p closely resembles the analogous rela- 
tion holding in the 3D case [8]. There, that equation represents the duality 
relation discussed in [lj which allows to interpret the boundary degrees of 
freedom as fermionic, although starting from a purely bosonic bulk theory. 
The fact that we are here recovering the same relation in 4D strongly suggest 
that the same mechanism of "fermionization" might occur also in 4D, as the 
consequence of the boundary condition in the dimensional reduction 5D— > 
4D a la Symanzik of a topological QFT. This nice result deserves further 
analysis. 



6 4D Lagrangian 



Differentiating the integrated Ward identity f|4. 8() with respect to J J (x'), 
with x' lying on X4 = + , and then setting the sources to zero, we obtain 
the following relation: 



dxi SjdiS^ (x — x') = —idiA A gi(x',x) 
where A A ^i(x',x) is the propagator defined as: 

5 2 r r 



X4=x'.=0+ 



5Ji(x')8Ji(x) 
or, expressed in terms of the T-ordered product: 



J=J=o 



^A^B' ( X ' " C ) 



X4=x' i =0 + 



i(T{A+(X')B l+ (X) 



Substituting the equation (|6.3|) in (|6.ip . we obtain: 
8)di5^{X - X') = -i5(t - t') ( \b°+(X), AUX') 



+ 



9(t - t') (d % B i+ {X)A+{X')) - i6(t' - t) (A+iX'^+iX)) . (6.4) 



U) 



(6.2) 



9(t - t') (B i+ {X)Af(X')\ + i6{t' - t) U+(X')B i+ (X)\ . (6.3) 
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The second and the third term in the r.h.s of (|6.4p vanish because of (|5.ip . 
Factorizing the delta function we obtain the following commutation relation 
for a = 1, 2, 3: 



B°+(X),A+(X f ) 



t=t' 



id a 5 (3) (X' -X). 



(6.5) 



In a similar way, we find two additional commutation relations for the fields 
B 0+ and A a+ : 



B 0+ (X),Bf(X') 
A a +(X),A+(X>) 

In conclusion, the commutation relations (|6.5p 
following algebra on the boundary: 



t=t' 



t=t' 



0, 
0. 

(1631) and IK 



B°+(X),A+(X') 
B 0+ (X),B+(X') 
A a+ ( X \A+(X') 



t=t> 



t=t> 



t=t< 



id a 5^(X' -X) 




0. 



(6.6) 
(6.7) 
form the 

(6.8) 
(6.9) 
(6.10) 



We can write the commutation relation (|6.8|) in terms of the potentials A(X) 
and Qj(X). We find (remember that the index a runs over the spatial 
coordinates of the 4D boundary): 



A(X'),e a ^d a (^(X) 
^C^(X),d' s A(X'), 



t=t> 



t=t> 



-iS^iX'-X) (6.11) 
-i6%8W(X' -X), (6.12) 



The commutation relation (|6.1ip and (|6. 12j) allow us to interpret the field 
11(A) = ~ e °' l3 ' y d a Cisj(X) and n^ a ) = — d$A(X) as the conjugate momenta of 

the fields A and ^ Q = e aj g 7 C^ 7 , respectively 

We are now ready to construct the boundary Lagrangian, which is the most 
general Lagrangian for the dynamical quantities {(A, 11(a)), (Ca^^a-^)}, gauge 
invariant according to (|5.5p and (|5.6p . whose EOM are compatible with the 
4D duality relation (|5.16p . 

Some care is required to get the 4D Lagrangian from the commutation re- 
lations ()6.1ip and (|6,12p . because we are dealing with a constrained system. 
Following the prescriptions described in |13| . we find that the most general 
boundary Lagrangian is: 



{e a ^d a C^f--Ad a Af. (6.13) 



We stress that the 4D Lagrangian (|6.13p is uniquely determined by the gauge 
symmetry (|5.5p and (|5.6p and the duality relation (|5.16p . Finally, notice that 
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this Lagrangian cannot be trivially derived by substituting the expression for 
the fields Af and Bf expressed in terms of the potential A(X) and Qj(X) 
in the boundary Lagrangian (|3.ip . used to implement the Symanzik method. 
In fact, the first two terms in (|6,13p . which correspond to the term 11$ of 
the Lagrangian C = IL<I>j — H, break the covariance on the boundary, 
while the boundary Lagrangian (|4.7I) is covariant in the manifold X4 = 0. 

7 Summary of results 

In this paper, we considered the 5D topological BF theory 

Sbf = \! <£>xe^P° T F^B paT (7.1) 

1 J M 

in the axial gauge, as the generating bulk model for a theory defined on the 
4D boundary X4 = 0. Only basic principles of QFT, like locality and power 
counting, have been used, following the main idea of "separability" introduced 
by Symanzik in [6], and modified to avoid the explicit computation of the 
propagators for the complete theory (bulk & boundary) [8j [TU] . 
We found that the most general "separating" boundary term, leading to 
physical degrees of freedom is 

Cbd = Six^FijF*' - ym^ji']. (7.2) 

While the first Maxwell term does not affect the boundary physics, the pres- 
ence of the second massive term is necessary (and crucial), since 04 > to 
insure a positive definite energy density. 

The residual broken gauge invariance on the boundary is described by the 
WI 

J dx 4 diJ l = -diB l+ (7.3) 
j dx^ kl d k J t = e^ kl d k A+, (7.4) 

which, taken at vanishing sources, lead to two "Maxwell-like" equations, 
solved in terms of a "magnetic" tensor potential and an "electric" scalar po- 
tential, which are the true 4D boundary degrees of freedom: 

d l B i+ = B i+ = e^djCM (7.5) 
e ijkl d k A+ = A+ = diA. (7.6) 

We found that only one boundary condition for the fields A + and B + is 
compatible with the Symanzik's criterion of separability. In terms of the 
potentials (|7.5|) and (|7.6|) . it reads 

e^d.Cn = ~^m 2 d*A. (7.7) 
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This is one of the most important results of this paper. This "electromag- 
netic" duality relation is the 4D extension of the analogous relation used in 
[T] to get fermions from bosons. We find it here as the boundary condition 
for a topological QFT with boundary, and, as it happens in the 3D case 
[8], it allows to guess that fermionic 4D degrees of freedom are present, 
although the bulk theory is purely bosonic. We stress that 04 > 0: the 
presence of the mass term in (|7.2p is crucial, since we showed that other- 
wise no physical solution exists. We believe that is a common feature of 
the topological BF models in any spacetime dimensions: once a boundary is 
introduced d la Symanzik, the consequent boundary conditions, written in 
terms of the potentials found by putting on-shell the broken WI, play the 
role of "fermionization" duality relations. 

The other main result presented in this paper is the 4D Lagrangian. The 
WI (|7.3p and (j7.4|) lead to an algebra of conserved currents which, written 
in terms of potentials, are interpreted as canonical commutation relations. 
Contrarily to what is usually done, from the canonical commutation relations 
we find the "generating" 4D Lagrangian, which is unique, thanks to the gauge 
invariance and to the duality relation (|7.7p : 

C = l e a ^d a (p 7 d t A + -daAe^dtC^ ~ {^d a Q M ) 2 - \{d a A) 2 . (7.8) 
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